We investigate cusp singularities in f (R) gravity, especially for Starobinsky and Hu-Sawicki dark energy models. We illustrate that, by using double-null numerical simulations, a cusp singularity can be triggered by gravitational collapses. This singularity can be cured by adding a quadratic term, but this causes a Ricci scalar bump that can be observed by an observer outside the event horizon.
scalar [10] . If a region has a divergent Ricci scalar, then it should mean a singularity. However, since this is due to an unwise choice of f (R), such singularity may be fictitious and it may mean that there should be a way to regularize it. We call this as the f (R)-induced singularity or the cusp singularity [11] .
The follows are known results in the literature: -Many dark energy models of f (R) gravity contain a cusp singularity. In order to obtain a stable and non-vanishing (de Sitter) local minimum, one often has to fabricate the shape of the effective potential of the Brans-Dicke field; equivalently, one has to tune a form of f (R) [8, 9] . For this, the R −n (n > 0)
corrections have often been introduced, which nevertheless become the origin of the trouble.
-If the correction term is quadratic, i.e., ∼ R 2 , then this cusp singularity can be ameliorated [10] . Such a correction term is highly motivated as a viable model for inflation [6, 7] .
-If the cusp singularity is inevitable, then it may be realized during a gravitational collapse [11, 12] .
Furthermore, such a singularity can be located outside the event horizon. Therefore, if it does exist, then it can cause a detectable naked singularity.
From these, a question naturally arises as follows. Even though we cure the cusp singularity, there are still possibilities that a gravitational collapse induces a very higher curvature region. Even though it does not diverge, if it reaches around the Planck scale, then it will cause Planck-scale physical effects. Is it really possible and what will be the parameters that determine such a phenomenology? Regarding this, there can be two opinions.
Cons: As long as there is a Planck-scale effect, it can result a distinctive outcome to outside the black hole, while we do not have any evidences of Planck-scale effects during gravitational collapses. Therefore, we should avoid a model that causes a cusp singularity.
Pros: If the existence of a naked singularity is inevitable, then it implies that there appears Planck-scale effects around the horizon scale. This will be useful to understand the unitarity issue of black hole dynamics.
The discussion on these two opposite opinions is the motivation of this paper.
In this paper, we study a gravitational collapse of f (R) dark energy models that contain cusp singularities, by using numerical simulations. Especially we use double-null formalism [13] to study the formation of charged black holes [14, 15] where this can be applied for cosmology [16] as well as scalar-tensor models [17, 18] . We first show that we can cure the cusp singularity problem by adding a ∼ R 2 term; in addition, we show that there can be a higher curvature region.
This paper is organized as follows. In SEC. II, we illustrate our model as well as its realization to doublenull formalism. In SEC. III, we discuss the details of numerical results and observe phenomena of cured cusp singularities. Finally, in SEC. IV, we summarize and discuss observational implications and future applications.
In this paper, we use the natural units: c = G = = 1.
In this section, we discuss the way to realize double-null formalism for f (R) gravity models. We follow previous notations of [14] . To realize f (R) gravity to double-null formalism, we especially used a technique of [11] . Mathematical details are in Appendix A and its convergence and consistency checks are discussed in Appendix B.
A. f (R) gravity
The action of the f (R) gravity model is presented by
where R is the Ricci scalar and f (R) is a given function of R. By introducing an auxiliary field, this model can be transformed to the Brans-Dicke type model [3] :
where
. This is the ω = 0 limit of the Brans-Dicke theory with a potential V (Φ).
In order to induce a gravitational collapse, one convenient way is to introduce a gauge field, A µ , that couples to a matter field, for which we consider a complex scalar field φ. To implement this, we use the following model [14, 18] :
e is a gauge coupling and F µν = A ν;µ − A µ;ν . We choose ω = 0 throughout this paper.
The Einstein equation is as follows:
where the Brans-Dicke part of the energy-momentum tensor is
and the matter part of the energy-momentum tensor is
Field equations for Φ, φ, and A µ are as follows:
µ . For convenience, we define the effective potential U (Φ) by
where this determines the dynamics of the field.
B. Initial conditions and free parameters
We use the double-null coordinate
for numerical simulations. Here, u is the retarded time, v is the advanced time, and dΩ 2 is the two-sphere. For numerical integration, it is convenient to change all equations by a set of first order differential equations. For this purpose, we introduce the following notations [11, 14, 16, 18] : the metric function α, the radial function r, the Brans-Dicke field Φ, and a scalar field s ≡ √ 4πφ, and define
In addition, in order to avoid the complicated relation between f (R) and V (Φ), we use the evolution of Ricci scalars (see Appendix A). Then we need initial conditions for all functions (α, h, d, r, f, g, Φ, W, Z, s, w, z, a, q, R)
at the initial u = u i and v = v i surfaces, where we set u i = v i = 0.
We have a gauge freedom to choose the initial r function, i.e., we have a freedom to choose distances between null lines. We choose r(0, 0) = r 0 , f (u, 0) = r u0 , and g(0, v) = r v0 , where r u0 < 0 and r v0 > 0 in order to implement that r increases for an out-going direction and decreases for an in-going direction.
We assume that Φ is asymptotically a constant Φ 0 at a local minimum of the effective potential, so that
In addition, we need the following information.
-In-going null direction: We choose s(u, 0) = 0 and w(u, 0) = h(u, 0) = a(u, 0) = q(a, 0) = 0. Since the asymptotic Misner-Sharp mass function
should vanish at u = v = 0, it is convenient to choose r u0 = −1/2 and r v0 = 1/2, and
We need more information to determine d, g, Z, and z at the v = 0 surface. We obtain d from Eq. -Out-going null dierction: In order to derive a gravitational collapse, we need to choose a shape of an ingoing scalar field s(0, v). In principle, we can choose this scalar field profile arbitrarily, but for convenience, we use
for 0 ≤ v ≤ v f and s(0, v) = 0 otherwise, where v f is the width of the pulse, A is the amplitude, and δ is a free parameter to tune the phase of the complex scalar field [11, 14] . Taking the derivative with respect to v, we obtain z(u i , v). From Eq. (46), we find d = r|z| 2 /2gΦ on the u = 0 surface. By integrating d along v, we also get α(0, v). However, we need more information for h, f, W, w, a, and q at the u = 0 surface. As shown in Appendix A, we obtain h from Eq. (47) Finally, we choose r 0 = 10, δ = 0.5π, ω = 0, v f = 20, and leaving A and e free.
C. Choice of f (R): cusp singularities and their remedies
In addition to the initial conditions, we need to specify the detailed models of f (R). In this paper, we are especially interested in four models: the Starobinsky (dark energy) model [8] , the Hu-Sawicki model [9] , and their cured forms by adding ∼ R 2 corrections. a. Starobinsky model The Starobinsky (dark energy) model is as follows [8] :
where λ, R 0 , and n are free parameters. We choose λ = 2, R 0 = 0.001, and n = 2 (FIG. 1) . We can see that there is a stable equilibrium around Φ 0 ≃ 0.9932 and V 0 ≃ 0.001966.
In the large R limit, by using the Taylor expansion, we observe
If n > 0, then the effective potential U (Φ) of the Φ = 1 limit is finite, while the effective force term 2f − Rf ′ = ΦV ′ − 2V (hence, the limit where the Ricci scalar diverges) is infinite. This shows the possibility to reach the cusp singularity.
b. Hu-Sawicki model We second consider the Hu-Sawicki model [9] :
We choose λ = 1, C 1 = 0.01, C 2 = 40, and n = 1 (FIG. 2) . We can see that there is a stable equilibrium around Φ 0 ≃ 0.99 and V 0 ≃ 0.001.
In the large R limit, by definingλ = λ/C 1/n 2 , we observe
Therefore, as was in the Starobinsky model, if n > 0, there appears a cusp singularity.
c. Cure of the cusp singularity by inserting (1/2)cR 2 In order to avoid the f (R)-induced singularity and to study the general feature of the f (R) gravity, we add a correction term that can cure the cusp singularity
where c is an arbitrary constant. If R is large enough, then
Since f ′ (ψ) ≃ 1 + cψ = Φ, we obtain
and hence there is no cusp singularity now. For stability, we need to choose c > 0. Throughout this paper, we leave c as a constant.
III. RESULTS AND INTERPRETATIONS
In this section, we first report numerical results on cusp singularities and their regularizations. Second, we discuss the pros and cons of their existence and the possibility of their observations. FIG. 3 shows the cases of naked singularities in f (R) dark energy models 2 (upper left is for f S (R) and lower left is for f HS (R)). However, after one includes the R 2 regularization term, one can extend beyond the cusp singularity (upper right is for f cure,S (R) and lower right is for f cure,HS (R)). Before the singularity, the causal structures of f cure,S (R) and f cure,HS (R) are almost the same as the causal structures of f S (R) and f HS (R). However, around the would-be cusp singularity, the causal structures show some difference between original and regularized models. One typical behavior of the regularized causal structure is that, soon after the would-be cusp singularity, the apparent horizon begins to oscillate. This is due to the dynamics of the Brans-Dicke field: FIG. 4 explicitly shows Φ for the cured cases. Without the R 2 regularization term, we would have Φ = 1 at R = ∞. On the other hand, after we add the R 2 term, Φ = 1 is no more a curvature singularity.
A. Numerical results

d. Numerical results
One can clearly see that the Brans-Dicke field becomes larger and larger around the would-be cusp singularity.
Due to the large perturbations of the Brans-Dicke field, as it goes to the local minimum, there are oscillatory effects of the field (as well as energy-momentum tensors) and this makes the apparent horizon oscillatory. the causal structure as denoted in (C). However, due to the Ricci scalar bump, the high curvature (perhaps, super-Planckian) effects can in principle be observed outside the event horizon (in the blue shaded region).
B. Cons: can we see super-Planckian effects for realistic cosmological models?
In this subsection, let us try a crude estimation of the Ricci scalar bump. If U ′ (Φ) = 0, then there appears a stable local minimum at Φ 0 such that V (Φ 0 ) ≡ Λ will be the value of an effective cosmological constant. Then, there exists a typical background Ricci scalar R 0 ∼ Λ. Around R ∼ R 0 , the f (R) dark energy model (before cured) is a good description. On the other hand, due to the perturbation of the field during the gravitational collapses, R can increase and if it reaches a certain bound, then R + (c/2)R 2 becomes a better approximation.
At once the theory is approximated by the R + (c/2)R 2 model, which effectively restricts the increase of the Ricci scalar. Therefore approximately, the maximum possible Ricci scalar R max occurs when the correction term (c/2)R 2 becomes comparable to the leading term R, or Λ ≃ cR bd , where m bd is the experimental bound of the scalar field mass. Note that this condition can be weakened by the Chameleon mechanism [19] . As we also want to include the inflation scenario in the f (R) gravity [6] , we find that the observational constraints restrict m ≃ 10 −5 in Planck units [7] . Although this is not very conclusive, a reasonable interpretation is that, since Λ ∼ 10 −123 ≪ 1 in terms of the Planck units, R max ∼ 10 −66 would be way sub-Planckian (see also discussions in [20] ).
C. Pros: horizon as a super-Planckian surface?
If we regard f (R) gravity as a possible modification of the Einstein gravity, then the cusp singularity appears inevitable from Ricci scalar terms. Of course, such behavior is generic and can be found not only for the Ricci scalar, but also other types of curvature terms, though these will be technically more difficult to investigate. If it is the case, then this means that a gravitational collapse can trigger higher curvature corrections and this can cause a curvature singularity that is not in Einstein gravity. Such a curvature singularity can be located outside as well as inside the horizon ((A) and (B) of FIG. 8) . The point is that the areal radius of the singularity is non-zero if such a singularity is induced by higher curvature terms.
Let us focus on the recent discussion on the information loss problem [21] . According to the black hole complementarity argument [22] , the unitarity can be preserved for all processes of a black hole, from collapse to evaporation, to an asymptotic observer, as well as an in-falling observer based on quantum field theory of curved spacetime. However, later it was noticed that black hole complementarity is inconsistent [23, 24] and hence we need to drop one of the assumptions. The authors in [24] tried to drop general relativity for an in-falling observer around the horizon scale, and they said that there exists a firewall around the horizon scale.
If there exists a firewall and if it can prevent the problem of black hole complementarity, then it should affect to outside the event horizon [25] .
If there exists a firewall, then it may resolve the tension of black hole complementarity; however, what is the mechanism to realize the firewall? Up to now, there is no consensus (for useful comments, see [26, 27] ). However, if we remind the f (R) cusp singularities, then it opens a new interesting possibility. If there exists higher order curvature corrections from quantum gravitational effects, such effects can be triggered by gravitational collapses.
Note that if it does not have a cusp singularity, then it will not be triggered by gravitational collapses, since gravitational collapses are in general sub-Planckian.
If there is a horizon scale curvature singularity that prevents an in-falling observer, can we identify this as a firewall? Of course, we do not have enough evidences whether a cusp singularity should appear for every cases. However, at least, this is one of logical possibilities; also, the properties (causal structures) of the cusp singularity induced by f (R) seem to be quite consistent with the notion of the firewall. Therefore, it needs more investigations for future studies.
IV. DISCUSSION
In this paper, we investigated gravitational collapses in f (R) gravity. For some dark energy models, e.g., Starobinsky model [8] and Hu-Sawicki model [9] , gravitational collapses can trigger to create a cusp singularity.
Such a cusp singularity can be cured by adding a quadratic term ∼ cR 2 , but still there can exist a Ricci scalar bump around the horizon scale.
If one of f (R) dark energy models is correct, then it is very natural to accept the existence of a cusp singularity, or at least, its cured effect as a Ricci scalar bump. Then we can ask this question: can we really observe such an effect outside the horizon?
Regarding this, one may discuss against this: the curvature scale of a Ricci scalar bump will be approximately R max ∼ Λ/c, where Λ is the cosmological constant of the current universe. Since our cosmological constant is much smaller than the Planck scale, i.e., Λ ≪ 1, hence R max will be much smaller than the Planck scale.
On the other hand, one may also discuss for this: such a cusp singularity or a Ricci scalar bump can role as a modification of general relativity even around the horizon scale. Here, a cusp singularity is important; usually a gravitational collapsing process is sub-Planckian and hence its back-reaction to higher curvature corrections will be much weaker. However, if there exists a cusp singularity, then super-Planckian effect can be triggered by sub-Planckian gravitational collapses.
Can we identify this as a firewall [24] that resolves troubles of black hole complementarity [23] ? It is still unclear. At once there is a cusp singularity, even though it is inside the horizon, it will be useful to prevent inconsistency of black hole complementarity. In addition, the existence of a cusp singularity can be argued that it is originated from quantum corrections of gravity. However, the existence of a cusp singularity requires an exotic shape of terms, e.g., R −n , while their theoretical stability is not clear.
At least, we open this as a logical possibility. Perhaps, a gravitational collapse can be a good window to investigate Planck scale physics. For further justifications or criticisms, we remain as a future work.
After solving a coupled system of equations, we can write all the equations as follows:
as well as matter field equations
In addition, in order to avoid a difficulty to convert f (R) to V (Φ), we substitute using the following identities:
Therefore, we need an evolution of the Ricci scalar R. To calculate the evolution of R, we further use the following identities:
Now, equations for α ,uv , r ,uv , Φ ,uv , and s ,uv can be represented by a set of first order differential equations.
We use the same integration method that was used in previous papers [11, 14, 16, 18] . We use the second order Runge-Kutta method [28] .
Appendix B. Consistency and convergence tests
In this appendix, we report on the convergence and consistency tests for our simulations. We tested for f cure,S (R) with (A = 0.25, e = 0.3, c = 0.001) and f cure,HS (R) with (A = 0.25, e = 0.6 c = 0.001), since these cases include all the interesting features of the present paper.
For consistency, we can check various relations, but the most important non-trivial test for f (R) gravity will be the Ricci scalar. We calculated it by using Eq. (58), while the definition of the Ricci scalar is 
We call the latter R 1 and the former R 2 , and checked |R 1 − R 2 |/|R 1 | around u = 14, 15, 16. FIG. 10 shows that the differences are less than 10 −3 % for the Starobinsky model and 10 −1 % for the Hu-Sawicki model.
For convergence, we compared finer simulations: 1 × 1, 2 × 2, and 4 × 4 times finer. In FIG. 11 , we see that the difference between the 1 × 1 and 2 × 2 times finer cases is 4 times the difference between the 2 × 2 and 4 × 4 times finer cases, and thus our simulation converges to second order. The numerical error is less than 10 −4 % for the Starobinsky model and 10 −6 % for the Hu-Sawicki model. 
